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To the memory of Alberto Izquierdo

ABSTRACT. Using the natural irreducible 8-dimensional representation and the
two spin representations of the quantum group Ug(D4) of D4, we construct a
quantum analogue of the split octonions and study its properties. We prove
that the quantum octonion algebra satisfies the g-Principle of Local Trial-
ity and has a nondegenerate bilinear form which satisfies a g-version of the
composition property. By its construction, the quantum octonion algebra is a
nonassociative algebra with a Yang-Baxter operator action coming from the R-
matrix of Ug(D4). The product in the quantum octonions is a Uq(D4)-module
homomorphism. Using that, we prove identities for the quantum octonions,
and as a consequence, obtain at ¢ = 1 new “representation theory” proofs for
very well-known identities satisfied by the octonions. In the process of con-
structing the quantum octonions we introduce an algebra which is a g-analogue
of the 8-dimensional para-Hurwitz algebra.

INTRODUCTION

Using the representation theory of the quantum group U, (Dy) of Dy, we construct
a quantum analogue O, of the split octonions and study its properties.

A unital algebra over a field with a nondegenerate bilinear form (|) of maximal
Witt index which admits composition,

(z -yl -y) = (z|z)(yly),

must be the field, two copies of the field, the split quaternions, or the split octonions.
There is a natural g-version of the composition property that the algebra O, of
quantum octonions is shown to satisfy (see Prop. 4.12 below). We also prove
that the quantum octonion algebra O, satisfies the “q-Principle of Local Triality”
(Prop. 3.12). Inside the quantum octonions are two nonisomorphic 4-dimensional
subalgebras, which are g-deformations of the split quaternions. One of them is
unital, and both of them give gls when considered as algebras under the commutator
product [z,y] =z -y —y-z.
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By its construction, Oy is a nonassociative algebra with a Yang-Baxter operator
action coming from the R-matrix of Uy(D4). Associative algebras with a Yang-
Baxter operator (or r-algebras) arise in Manin’s work on noncommutative geome-
try and include such important examples as Weyl and Clifford algebras, quantum
groups, and certain universal enveloping algebras (see for example [B]).

In the process of constructing O, we define an algebra PP, which is a g-analogue
of the 8-dimensional para-Hurwitz algebra. The quantum para-Hurwitz algebra P,
is shown to satisfy certain identities which become familiar properties of the para-
Hurwitz algebra at ¢ = 1. The para-Hurwitz algebra is a (non-unital) 8-dimensional
algebra with a non-degenerate associative bilinear form admitting composition. The
algebra P, exhibits related properties (see Props. 5.1, 5.3).

While this paper was in preparation, we received a preprint of [Br], which con-
structs a quantized octonion algebra using the representation theory of U,(slz).
Although both Bremner’s quantized octonions and our quantum octonions reduce
to the octonions at ¢ = 1, they are different algebras. The quantized octonion alge-
bra in [Br] is constructed from defining a multiplication on the sum of irreducible
U,(slz)-modules of dimensions 1 and 7. As a result, it carries a U,(slz)-module
structure and has a unit element. The quantum octonion algebra constructed in
this paper using Uy(D4) has a unit element only for the special values ¢ =1, —1.

An advantage to the U,(D4) approach is that it allows properties such as the
ones mentioned above to be derived from its representation theory. Using the fact
that the product in Q4 is a Uy(D4)-module homomorphism, we prove identities
for O, (see Section 4) and as a consequence obtain at ¢ = 1 new “representation
theory” proofs for very well-known identities satisfied by the octonions that had
been established previously by other methods. The Uy(D4) approach also affords
connections with fixed points of graph automorphisms - although as we show in Sec-
tion 7, the fixed point subalgebras of Uy(D4) are not the quantum groups U, (G2)
and U, (B3), because those quantum groups do not have Hopf algebra embeddings
into Uy(D4). In the final section of this paper we explore connections with quan-
tum Clifford algebras. In particular, we obtain a Uy(D4)-isomorphism between the
quantum Clifford algebra Cy(8) and the endomorphism algebra End(0, & OQ,) and
discuss its relation to the work of Ding and Frenkel [DF] (compare also [KPS]).

We take this opportunity to express our appreciation to Alberto Elduque for his
interest in our work, and to Arun Ram for several helpful discussions.

1. PRELIMINARIES ON QUANTUM GROUPS

The quantum group U,(g). Let g be a finite-dimensional complex simple Lie
algebra with Cartan subalgebra b, root system ®, and simple roots Il = {«; | i =
1,...,r} C @ relative to h. Let A = (aq,3)a,pen be the corresponding Cartan
matrix. Thus,

aa,ﬁ = 2(53 Oé)/(OZ, 01)7

and there exist relatively prime positive integers,

(1.1) da = Y




A QUANTUM OCTONION ALGEBRA 937
so the matrix (daaq,g) is symmetric. These integers are given explicitly by

A D, E,. (r=6,7,8) do, =1forall1 <i<r,

B, do; =2forall1 <i<r—1,and do, =1,
(1.2) C, do, =1foralll <i<r—1,and ds, =2,

Fy do, =2,i=1,2,and d,, = 1,7 = 3,4,

Ga do, =1 and dq, = 3.

Let K be a field of characteristic not 2 or 3. Fix ¢ € K such that ¢ is not a root
of unity, and such that q% € K. For m,n,d € Z~q, let

md _ ,—md
(1.3) R
and set
(1.4) (mla! = []lla

<.
—

and [0]¢! = 1. Let

(1.5) {mL S )

Definition 1.6. The quantum group U = U,(g) is the unital associative algebra
over K generated by elements E,, F,, K., and K;! (for all a € II) and subject to
the relations,

(Ql) KoK;'=1=K;'K,, K.Kz=KzK,,
2) K EsK ! = q P Eg,

Q3) KoF3K ! =g (@A Fp, 1

Q4) EaFp — FyEo = dop it
)

(Q

(

(

(Q5) Yazg™?(~1)° [1 a“ﬁ] Eo “P T EgES =0,
doc

S
(Q6) Yoo (~1)° [1_8““’[3] Fa " T FaFs = 0.
doc

Corresponding to each \ = EaEH me in the root lattice Z® there is an element

Ky =[] K=
a€ell

in Uy(g), and KrK,, = Kx4,, for all A\, p € Z®. Using relations (Q2),(Q3), we have
(17) K)\EBK;l = q(’\7B)Eg and K)\FBK;l = q_(>‘7B)FB

for all A € Z® and § € II.
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The algebra U, (g) has a noncocommutative Hopf structure with comultiplication
A, antipode S, and counit € given by

A(K,) = K, ® K,,

A(E,) =E,®1+ K, ® E,,
A(F)=F,@K;' +1® F,,
S(Ka) = Ka_tla
S(Ey)=—K.'Eo,  S(Fa) = —FaKa,
e(K,) =1, e(E,) = e(Fy) =0.

The opposite comultiplication A°P has the property that

if Ala) = Z any ® agy, then A°(a) = Z agz) ® ay-

(We are adopting the commonly used Sweedler notation for components of the
comultiplication.) The algebra U with the same multiplication, same identity, and
same counit, but with comultiplication given by A°P and with S~! as its antipode,
is also a Hopf algebra. The comultiplication A°P can be regarded as the composition
7oA, where 7 : UQU — U®U is given by 7(a®b) = b®a. The map ¢ : U — U,(g)
with B, — Fy, Foo— Ey, Ko — K 1is an algebra automorphism, and a coalgebra
anti-automorphism, so U is isomorphic to Uy(g) as a Hopf algebra (see [CP, p. 211]).

The defining property of the antipode S in any Hopf algebra is that it is an
inverse to the identity map idy with respect to the convolution product, so that
forall a € U,

(1.9) Z S(a(l))a(g) = E(a)idU = Za(l)S(a(g)).

Representations. For any Hopf algebra U the comultiplication operator allows
us to define a U-module structure on the tensor product V @ W of two U-modules
V and W, where

alv@w) = Z amyv ® a@yw.

The counit € affords a representation of U on the one-dimensional module given by
al = ¢(a)l. If V is a finite-dimensional U-module, then so is its dual space V*,
where the U-action is given by the antipode mapping,

(1.10) (af)(v) = f(S(a)v),
forallae U, feV* andv e V.

A finite-dimensional module M for U = Ug(g) is the sum of weight spaces,
M=, Myy, where M, = {z € M | Koz = (@) for all a € T}, and
X : Z® — {+£1} is a group homomorphism. All the modules considered in this
paper will be of type I, that is, x(a) = 1 for all a € II, so we will drop x from the
notation and from our considerations.

Each finite-dimensional irreducible U-module M has a highest weight A\, which is
a dominant integral weight for g relative to I, and a unique (up to scalar multiple)
maximal vector vt so that Eavt = 0 and Koot = ¢™®ot for all @ € II. In
particular, the trivial U-module K1 has highest weight 0. We denote by L(\) the
irreducible U-module with highest weight A (and x = 1).
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When V is a finite-dimensional U-module, we can suppose {x,;} is a basis of V'
of weight vectors with i = 1,...,dimV,.. Let {z} ;} be the dual basis in V*, so that
xy i(Ty,j) = 6u,00i,5. Then

(Kot ) (wv,5) = 2}, (S(Ka)wu,) = 2, (K3 20,5)

= q—(u,a)xz)i(xy)j) = q_(y’a)(s,u,u(si,j = q_(#’a)(s,u,l/(si,ja

(1.11)

from which we see that z}, ; has weight —p.
Suppose M and N are U-modules for a quantum group U. Define a U-module
structure on Homgk (M, N) by

(1.12) (ay)(m) = Z amy(S(ag)m).

a

(This just means that the natural map N ® M* — Homk (M, N) is a U-module
homomorphism.)
Note that if v € Homy (M, N), then

(@y)(m) =Y a@v(S(a@)m) =Y _ aw)S(ae)y(m) = e(a)y(m),

a a

so that ay = €(a)y. That says
Homy (M, N) € Homg (M, N)Y = {y € Homk (M, N) | ay = e(a)y}.
Conversely, if v belongs to the invariants Homg (M, N)Y, then we have

0=eK,)y=v=KsoyoK,"' and hence,
0=Kaoy—7y0Kq;

0=€Ey)y=Eyy=FE,oy—KqyovyoK;'oFE,, whichimplies
0=FE,oy—vy0kE,;

0=¢€(Fy)y=Fyy=F,0y0Ks—~yo0F,o0K,, whichimplies
0=F,0oy—vy0oF,

because of the relations in (1.8). Since these elements generate U,(g), we see that
v € Homg (M, N)Y implies v € Homy (M, N), so the two spaces are equal:

(1.13) Homy (M, N) = Homg (M, N)V.

Now if M = N = L()), a finite-dimensional irreducible U-module of highest
weight A, then any f € Homy (M, M) must map the highest weight vector v to a
multiple of itself. Since v+ generates M as a U-module, it follows that f is a scalar
multiple of the identity. Thus, Homy (M, M) = Kidys. So the space of invariants
Homg (M, M)V, or equivalently (M ® M*)Y is one-dimensional.

R-matrices. The quantum group U = U,(g) has a triangular decomposition U =
U-U%™, where UT (resp. U~) is the subalgebra generated by the E, (resp.
F,), and U" is the subalgebra generated by the KI!, for all o € II. Then U+ =
> U, where Uf = {a € Ut | KpaK;' = ¢™®a}. Tt is easy to see, using
the automorphism v above, that U~ has the decomposition U~ = Z# UZ,, and
Ut #(0) if and only if UZ, # (0). There is a nondegenerate bilinear form (, ) on
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U (see [Jn, Lemma 6.16, Prop. 6.21]) which satisfies

(114)  (a) (b,a) = ¢@»*=)(a,b) for all a € U-,U°U; and b € U-,U°U,,
where p is the half-sum of the positive roots of g.
(b) (Fa, Ep) = —6a,8(qa — q(;l)—l'
Choose a basis af,d, ..., al (w of U, and a corresponding dual basis by, b, . ..,
bt~ of UZ, so that (b, a’) =8, ;. Set
1) Iz i@ »J

r(p)
= Z b @ af
i=1

In particular, O, = —(qo — q; 1) Fa ® E,, for all a € 11.

Suppose ® : Uy(g) — End(V) and 7’ : Uy(g) — End(V’) are two finite-
dimensional U,(g)-modules. Since the set of weights of V' is finite, there are only
finitely many p € Z® which are differences of weights of V. Therefore, all but
finitely many ©,, act as zero on V and V', and Oy,y» = (7@7')(©) for © = 3° O,
is a well-defined mapping on V ® V’. By suitably ordering the basis of V@ V', we
see that each ©,, for pu # 0 acting on V ® V’ has a strictly upper triangular matrix
relative to that basis. Since ©g =1 ® 1, the transformation Oy, is unipotent.

Consider the map f = fy,vs, which is defined by fyv : V@V - V@V,
fo@w)=q¢ *PMy@w for all v € Vy and w € V.

Proposition 1.15 (Compare [Jn, Thm. 7.3]). Let V and V' be finite-dimensional
Uq(g)-modules, and let 0 = oy v be defined by
o VeV -sVeV,
wWRV VR wW.

Then the mapping Ry v : V! @V — V@V’ given by Ryryv = ©o foo is a
U,(g)-module isomorphism.

There is an alternate expression for ©, which is more explicit and can be best
understood using the braid group action. The braid group By associated to g has
generators Ty, o € II, and defining relations

(TaTﬂ)maﬁ = (TBTo)ma’ﬁ y

where mq g = 2,3,4,6 if ag gaga = 0,1,2,3 respectively. It acts by algebra auto-
morphisms on Ugy(g) according to the following rules (see [Jn, Sec. 8.14]):

Ta(KB) = Ksaﬁa Ta(Ea) = _FaKou Ta(Fa) = —K;lEa,

(1.16) Ta(Bp) = ;( 1)lgr (Ea) C0r D B (B)D, o # B,
TL(F) = 3 (-1 () OF(E) 0, at
t=0

where s, is the simple reflection corresponding to « in the Weyl group W of g, and
La ()M = e
[n]a., n]a,!

(the factorials are as defined in (1. 4))

(Ea)(”)
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Let s; = sq, be the reflection in the hyperplane perpendicular to the simple root
a;, and fix a reduced decomposition wy = $;, 84, - - - 84, of the longest element of
W. Every positive root occurs precisely once in the sequence

(117) ﬁl = Uy, 52 = Siy (ai2)7 s ﬁm = 8i1 iy " 'Sim71(aim)'

The elements

(1 18) Eﬁt - Tail TO”'Z a O‘lt 1 (ant )’

. Fs, = TailTaqzz o azt 1 (Faqt)a
fort =1,...,m, are called the positive (resp. negative) root vectors of U,(g). For
any m—tuple ﬁ = ({1,...,4m) of nonnegative integers let

Lo ol ¢
Et =Eg" Egml1 By

o b ¢
Ft= FBmFBmi R
Then the elements E¢ (resp. F%) determine a basis of U (resp. U~™). (See for

example, [Jn, Thm. 8.24].)
Consider for t = 1,...,m the sum

1 N~ (_qyig-it-1/2 e —da ) o j
0l = 3 (- 1yq; =L o5,
>0 Jlda
where o = «;,, and Eg, and Fp, are as in (1.18). This lies in the direct product of

all the UZ, ® U,f. Then (as discussed in [Jn, Sec. 8.30]), ©, is the (U, ® U;)-
component of the product

plmlglm-1] ... gllglll,

That component involves only finitely many summands.

2. 8-DIMENSIONAL REPRESENTATIONS OF U,(Dy)

In this section we specialize to the case that g is a finite-dimensional simple
complex Lie algebra of type Dy. We can identify g with the special orthogonal Lie
algebra so(8). The set of roots of g is given by {£e; £ ¢; | 1 < i # j < 4}, where
€,i=1,...,4, is an orthonormal basis of R*, and the simple roots may be taken
tobe a1 = €1 — €2, ap = €2 — €3, g3 = €3 — €4, ayg = €3 + €4. The corresponding
fundamental weights have the following expressions:

w1 =1 +ag + (1/2)0&3 + (1/2)0[4 = €1,

wg = a1 + 200 + a3 + ay = €1 + €9,
(21) w3 = (1/2)0[1 + oo + a3 + (1/2)0[4 = (1/2)(61 + €2+ €3 — 64),
wy = (1/2)a1 + az + (1/2)as + as = (1/2)(61 + €9 + €3 +e4),

and they satisfy (w;,a;) =6, forall i,j =1,...,4.

The Lie algebra g has three 8-dimensional representations—its natural represen-
tation and two spin representations with highest weights w1, w3, and wy4 respectively,
and so does its quantum counterpart Uy(D4). (Note we are writing Uy(Da4) rather
than Uq(g) to emphasize the role that Dy is playing here.) In particular, for the



942 GEORGIA BENKART AND JOSE M. PEREZ-IZQUIERDO

natural representation V' of Uy(Dy), there is a basis {z, | p = £¢;,i = 1,...,4}
(compare [Jn, Chap. 5]) such that

Koz, = q(”’o‘)x“,

Bor — 0 if (p,a) # -1,
o Luta it (pa)=-1,

oo — 0 if (p,a)#1,
g i (a) =1

(2.2)

For Dy, the group of graph automorphisms of its Dynkin diagram can be iden-
tified with the symmetric group S5 of permutations on {1,2,3,4} fixing 2. Thus,
¢ € S3 permutes the simple roots ¢(c;) = g, and fixes as. Each graph automor-
phism ¢ induces an automorphism, which we also denote by ¢, on Uy(D4) defined
by

E,, — E

Qi

F,, — F,

Qi

Ky, — K,

Qi ®

Corresponding to ¢ there is a new representation 7y : Uy(D4) — End(V') of Uy(D4)
on its natural representation V' such that

for all @ € Uy(Dy) and € V. We denote the U,(D4)-module with this action by
Vs. Then we have

-1
7T¢>(Ko¢)xp = Kqﬁaxu = q(”’d)a)xu = q(¢ M7a)1‘u,
0 if (¢ 'wa)=(uda)#—1,
Turoa (67 V0) = (1, 60) = 1,

0 if (¢ 'pa)=(uoa)#1,
Tpega A (07w a) = (u,¢a) =1.

(2.3) Tp(Ea)Ty = Egaty = {

To(Fa)zy = Foaty = {

From these formulas the following is apparent:

Proposition 2.4. Vj is an irreducible U,(D4)-module with highest weight ¢~ w;.
In particular, we have the following highest weights:

(i) wy for ¢ =1id or (3 4),
(il) ws for ¢ = (13) or (14 3),
(i) wyq for = (14) or (134).

The operators E,, F,, map elements in the basis {x,, } to other basis elements or 0,
and each vector z,, is a weight vector of weight ¢~ . For the natural representation
V', the basis elements are x4,,% = 1,...,4, which we abbreviate as z+,. We can
view the module Vg as displayed below, where the index i on an arrow indicates
that F,,, maps the higher vector down to the lower vector and E,, maps the lower



A QUANTUM OCTONION ALGEBRA 943

vector up to the higher one. The action of all F,,,’s and E,’s not shown is 0.
Vo

x10
Lo™h1
T O
12
T3 0
(2.5) 713, N o4
Ty40 0 T_y
prAN. 0713
xr_30
12
XT_9 0
o711

r—10

In particular, taking the identity, 8 = (1 4 3), and #* = (1 3 4), we have the
following pictures for the natural representation V', and the spin representations
V_ and Vi:

(2.6)
1% V_ |78
10 10 10
11 13 14
T90 T90 90
12 12 12
T30 T30 T30
3/ N\ 4 4/ N1 1/ N3
x40 oT_y x40 oT_y x40 oT_y
4N, /3 1N /4 3\ /1
r—_30 r—_30 Ir—_30
12 12 12
20 90 Tr_20
11 13 14
r—_10 r—_10 r—_10

There is a unique (up to scalar multiple) Uy(D4)-module homomorphism * :
V_ ® V,y — V., which we can compute directly using the expressions for the co-
multiplication in (1.8). We display the result of this computation in Table 2.7. To
make the table more symmetric, we scale the mapping by q%.
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TABLE 2.7
* T T2 T3 Xr_4 T4 r—3 T—9o Tr—1
T 0 0 q_%xl 0 q_% L]_%ZEg q_%x_4
Ta 0 0 —q 22, 0 —q_%xg q_%m q_%x_3
T3 0 q%xl 0 0 —q_%xg —q_%x4 0 q_%x_g
24 |—qia 0 0 0 [—q2o_4|-q 2z _3]—qia, 0
T4 O gz s qzas | qimy 0 0 0 q a4
T_3 —q%xg 0 q%x_4 q%x_g 0 0 —q_%x_l 0
T_o —q%x3 —q%x_4 0 q%x_g 0 q%x 0 0
v_1|—qr4|—qra_3|—qiz_5| O —q21_4 0 0 0

It can be seen readily from (1.8) that the relations

(2.8)

(0@ p)A(a) =

A(¢(a)),

¢(S(a)) =

S(¢(a))

hold for all @ € Uy(D4) and all graph automorphisms ¢. Therefore, by identifying
V_ with Vj and V; with V2 we obtain from

a(z xy

that the following relations hold:

(2.9)

7'('92

They allow us to conclude

Proposition 2.10. The product *

)z *y)

)z *y)

Ze
Za T * 0(ag))

)= 0(aq))z *0>(ac))y

1) 1’*@(2

Vo ® Vi — V displayed in Table 2.7 is a

Uqy(D4)-module homomorphism, and it gives Uy(D4)-module homomorphisms

these permutations gives

(2.11)

1/
X4 O

4N\

Ve

10

13

I920
12

T30

Tr_30

12

T _920

*: VeV - V.,
Suppose now that ¢ = (1 3) and n = (1 4).

N\ 4
oOxr_4

/1

*:VeVe -V,

3/
X4 O

LN

Vi

10
14
IO
12

T30

r_30

12

Tr_920

N 1
oOxr_4

/3

Specializing (2.5) with ¢ equal to
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As these diagrams indicate, the transformation specified by
V=V

T — —Z;, ) :|:4,
(2.12) #

Ty = —T—4,

T_g— —T4

determines explicit Uy(D4)-isomorphisms,
(2.13) 7: Vo=V, 7: Vi =V,

This together with Proposition 2.10 enables us to conclude the following;:

Proposition 2.14. The map - : V: @V, =V given by @y x-y = 3(x)*1(y)
is a Uy(D4)-module homomorphism.

Eigenvalues of Rvy. Suppose now that V = L(w;), the natural representation of
Uy(Dy4). The module V®? is completely reducible: V&2 = L(2w;) & L(ws) & L(0).
By determining the eigenvalues of RV,V on the corresponding maximal vectors, we
obtain the eigenvalues of RV,V on the summands.

First, on the maximal vector 21 @ 21 of the summand L(2w:), Ryv(z; ® z1) =
g ey @ = ¢ Y(z1 ® 71). The vector o ® 71 — ¢~ 'x1 ® T2 is a maximal
vector for L(wz). Then

Ryy(re®@x1 —q oy @ 20) = ¢~ (02 O(2; @0 — ¢ ' @ 1)
=11 ®Qu—q 2 @1 — (¢ —q T2 ® 11
=21 Q22— qr2 @ r1 = —q(22 @ 21 — ¢ "1 @ T2),
so that Ry, acts as —q on L(ws). We will argue in the remark following Proposition

2.19 below that Rvy acts on L(0) as g”. Thus, the eigenvalues of Rvy are given
by

q_l, L(2w1),
(2.15) —q, L(w2),
q, L(0),

(compare [D], [R]). Setting S?(V') = L(2w;) @ L(0), we see that Ry v + gidy maps
V®2 onto S3(V), the quantum symmetric space. There are analogous decomposi-
tions for the two spin representations of U,(D4) obtained by replacing wy by ws and
w4q.

For each graph automorphism ¢, we consider R = Ry, v, on Vy ® V. Note the
bilinear form (, ) on Uy(Dy4) in [Jn, (6.12)] is (¢ ® ¢)-invariant, so

Qo = D_ ¢() ® 9(al)) = (6 © 6)(On).

Now
Rvew)= (0o for)(vw) =g @ M MOweuv)

(2.16) ) ]
=g MOw®v) = Ryy(vew),
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whenever w is in V) and v € V,,. Consequently, the actions of the R-matrices agree.
It follows that

(2.17) S*V) = 8*(Vy)

for all graph automorphisms ¢.

A “test” element of S?(V). In the next two sections we will compute various
Uq(D4)-module homomorphisms and prove that they are equal by evaluating them
on a particular element of S?(V). A good “test” element for these calculations is
1 ®x_1 +x_1 ® x1, but first we need to demonstrate that it does in fact belong
to S2(V). Since Ry.y + ¢idy maps V&2 onto S?(V) for V = L(w;), the natural
representation, it suffices to show that the image of 1 ® z_; under RV,V + qidy
is v1 ® x—1 + -1 ® z1. Using the fact that £z, = 0 for all positive roots -y, we
obtain

RV,V($1 ®Rx_1)=(0o foo)(r; ®x_1)
=¢O(z_1 ®@x1) =q(r_1 @ x1).

Consequently,
(Rv,v +qidy )(z1 ®z_1) = qr_1 @ x1 + qr1 @ T_1,
which implies the desired conclusion

T_1 0T +21Qx_1 € SZ(V)

Bilinear forms. For the natural representation V' of U = U,(D4), the dual space
V* has weights +¢;, i = 1,...,4, by (1.11). The vector z*, is a maximal vector
since it corresponds to the unique dominant weight, €1, and V* is isomorphic to V.
We have seen in (1.13) that the space of invariants (V ® V*)V is one-dimensional.
Since V' 2 V*, we have that the space of invariants (V ® V)V is one-dimensional.
Thus, in V ® V there is a unique copy of the trivial module, and hence a unique
(up to scalar multiple) Uy(D4)-module homomorphism

(N€WeV—-K.
The condition of (|) being a Uy(D4)-module homomorphism is equivalent to
(2.18) (azly) = (x]S(a)y)
for all a € U and z,y € V (see [Jn, p.122]). There is an analogous bilinear form
giving the unique (up to multiples) U,(D4)-module homomorphism, Vy @ V, — K.
All these bilinear forms can be regarded as Uy(D4)-module maps from the symmetric

tensors S?(V,) — K, since the trivial module is an irreducible summand of §(Vj)
in each case.



A QUANTUM OCTONION ALGEBRA 947

Now for a € Uy(Dy),
> (molay)zlme(ae)y) =Y (dlaw))zlé(ae)y)

a

= (@|S(d(a)))dlaw)y)
219 = (2l6(S(a))ae)y

= ($|¢<Z S(a(l))a(z)))y

= (z]¢(e(a)l)y) = e(a)(z[y)-
(We have used in the third line the fact that ¢ and S commute (2.8).) Hence, by
the calculation in (2.19), and by direct computation of (|) on V ® V, we have

Proposition 2.20. The U,(D4)-module homomorphism (|) : V@V — K deter-
mines a Uy (Dy4)-module homomorphism (|) : V@ Vy, — K for any graph automor-
phism ¢. It is given by

0 o J#-i
(—1)”1% if >0 andj=—i,
(nle) = 7
(—l)i“ﬂ if i<0andj=—i.
q3 + q—3

We are free to scale the bilinear form (|) on V;, by any nonzero element in K. In
writing down the values of (z;|z_;) in Proposition 2.20, we have chosen a particular
scaling with an eye towards results (such as Proposition 4.2) to follow. It is easy
to see, using the basis elements x;, that the following holds.

Proposition 2.21. The transformation j is an isometry ((xz|y) = (9(z)|3(y)) for
all x,y € V') relative to the bilinear form in Proposition 2.20.

Remark. Observe that Ryy-o(|) = &(|), where € is the eigenvalue of Ry v on L(0).
Since Rvy(;m ®x_1) = q(x_1®x1), as our calculations for the “test element” show,
we have &(z1]x_1) = q(x_1|x1). Therefore, 473 = qq® or € = ¢7, as asserted in
(2.15).

For Dy, the half-sum of the positive roots is given by p = 31 + b + 3as + 3ay,
so Ky ' = K SKJIOKOK 6. Therefore, on the natural representation V, K '
has a diagonal matrix relative to the basis {x1, z2, T3, T4, T4, _3,2_9,x_1} with
corresponding diagonal entries given by {¢7%,¢7%,¢72,1,1,¢%, ¢* ¢°}. It is easy to
verify directly that

(2.22) (xly) = (y|K3, ).
3. OCTONIONS AND QUANTUM OCTONIONS

Suppose ¢ = (1 3), n = (1 4), and Vj is the representation of Uy(D4) coming
from the graph automorphism ¢. Then

(3.1) dimg Homy;, p,) (8? (Vo) ® 8*(V,), K) = 1,
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and we can realize these homomorphisms explicitly as multiples of the mapping
SV oSV, c ViV eV, @V, —» K,

Zuk R Ui @ wp @ yg — Z ug|vg) (we|ye).
k0 k.t

(3.2)

On the other hand, the mapping

(33)
SEV)esS(V)cVieVieaV,eV, - V.eaV,eoV,.oV, - VeV =K,

Zuk®vk®w£®y£'—>zuk®RV< L 0k ® W) @y

.
HZZuk wz ®% gl—»ZZ ug - w, )|v Ye),

W

is a Uy(Dy)-module homomorphism, (where is the product in Proposition 2.14

and Ry, v, (vp ® we) = 3, wS” @ v is the braiding morphism). Thus, it must be
a multlple of the mapping in (3.2).

We now consider what would happen if ¢ = 1, and compute the multiple in that
case. Here the braiding morphism may be taken to be v ® w — w ® v, since that is
a module map in the ¢ = 1 case. We evaluate the mappings at e ® e ® e ® e, where
e =x4 —x_4. Now by Table 2.7, we have

(34) '](1 ) ( ) (374 - 13_4) * (x4 — 13_4)

which shows that e? = e at ¢ = 1. By Proposition 2.19,

2

(3.5) (cle) = —(walo—a) = (w-alra) = F7— =5

which gives (ele), = 1 at ¢ = 1. (Here and throughout the paper we use (|),
to denote the bilinear form at ¢ = 1.) Therefore, (ele), (ele), = 1 and (e?|e?), =
(ele), = 1. Thus, the two maps in (3.2) and (3.3) are equal at ¢ = 1. By specializing
DrUk®@upy =z ®@xand Y, we ® Yy = y ®y (which are symmetric elements at
g = 1), we have as a consequence,

(3.6) (- ylz - y), = (z|2), (yly),-

Using the multiplication table (Table 2.7) for z*y and the formula z-y = () *(y),
we can verify that e = x4 —x_4 is the unit element relative to the product “.” when
g = 1. (For further discussion, see the beginning of Section 5.) Thus, the product

:Ve®V, = V for ¢ =1 gives an 8-dimensional unital composition algebra over
K whose underlying vector space is V' = V; = V;,. Such an algebra must be the
octonions. Thus, we have

Proposition 3.7. Let V be the 8-dimensional vector space over K with basis {x4; |
t=1,...,4}. Then V with the product - defined by x -y = j(x) * 3(y), where 7 is as
in (2.12) and * is as in Table 2.7, is the algebra of octonions when ¢ = 1.

Because of this result we are motivated to make the following definition.
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Quantum Octonions.

Definition 3.8. Let V be the 8-dimensional vector space over K with basis {z4; |
i=1,...,4}. Then V with the product “” defined by

z -y =3(z) *(y),

where j is as in (2.12) and * is given by Table 2.7, is the algebra of quantum
octonions. We denote this algebra by Oy = (V).

The multiplication table for the quantum octonions is obtained from Table 2.7
by interchanging the entries in the columns and rows labelled by z_4 and z4. As a
result, we have

TABLE 3.9
29! T2 T3 T4 Ty Tr_3 T_o T_1
1| O 0 0 0 g x| g Fay | g cwy g iz
_I _ L _ 3 _3
T2 0 —q 2w | —q 219 0 0 q 224 |q 233
T3 0 q%arl 0 —q_%xg 0 —q_%u 0 q_%x_z
T4 0 q%$2 q2x3 0 q%x4 0 0 q_%x_l
3 T T T
T4 | —q2Ty 0 0 —q x4 0 |—qgPx3|—q¢g2ro 0
3 1 I _I
T_3|—q272 42Ty 0 q2r—3 0 —q 2T 0
r_o|—qzs| —qrr_4 0 0 qra_ qir_q 0 0
T_1 —q%m —q%az_g —q%x_g —q%:z:_l 0 0 0 0

The product map: p: Ve ®V,, =V, p(r ® y) = x - y, of the quantum octonion
algebra is the composition p = * o (j ® j) of two Uy(D4)-module maps, so is itself
a Uq(D4)-module homomorphism.

Let 7 : Uy(D4) — End(V) be the natural representation of U,(D4). Then we
have

m(@)(a -y) = a-p(x ©y) = p(Aa)(x © y)
= (Y ¢laq)e © nlag))y)

(310 =" 3¢lagy>) * 3(n(a)y))
= (C(a(l))f) : (ﬂ(a(z))y).

Now when ¢ = 1 we can identify U,(D4) with the universal enveloping algebra U (g)
of a simple Lie algebra g of type D4. The comultiplication specializes in this case
to the usual comultiplication on U(g), which has A(a) =a®1+1®a for all a € g.
In particular, for elements a € g, (3.10) becomes

(3.11) m(a)(z-y) = (C(a)z) -y +z - (n(a)y).

Equation (3.11) is commonly referred to as the Principle of Local Triality (see for
example, [J, p. 8] or [S, p. 88]). As a result, we have
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Proposition 3.12. The quantum octonion algebra QO = (V,-) satisfies the q-
Principle of Local Triality,

w(@)@-y) =Y (¢laq)e) - (nae)y)

for all a € Uy(D4) and x,y € V, where ( and n are the graph automorphisms
¢=(13)andn = (14) of Uy(Dy4), and A(a) = Y, an)®a(g) is the comultiplication
m Uq (D4)

A quantum para-Hurwitz algebra. At ¢ = 1, the map 53 : V — V sending
x; — —x_; for i # +4, x4 — —x_y, and x_4 — —x4 agrees with the standard
involution x — ¥ on the octonions, so that

(3.13) rxy=j(z) )(y) =T 7.

Thus, the product “x” displayed in Table 2.7 gives what is called the para- Hurwitz
algebra when g = 1. (Results on para-Hurwitz algebras can be found in [EM], [EP],
[001], [002].)

Definition 3.14. We say that the algebra Py = (V, %) with the multiplication x*
given by Table 2.7 is the quantum para-Hurwitz algebra. It satisfies

rxy = 3(z) - 9(y),

where Oy = (V, ) is the quantum octonion algebra and j is the transformation on
V defined in (2.12).

Our definitions have been predicated on using the mapping - : V; ® V,; — V.
We can ask what would have happened if we had used the projection V,, ® V; —
V instead. To answer this question, it is helpful to observe that the mapping j
determines a U,(D4)-module isomorphism j : Ve = V(34) — V, which is readily
apparent from comparing the following picture of V(3 4) with the diagram for V' in
(2.6):

Visa

10

11

I90

12

T30
4/ N3
x40 oT_y
3\ /4

r_30

12

T _920

11

r—_10

Suppose as before that p : V; ® V;, — V is the product p(z ® y) = = -y in the
quantum octonion algebra. Consider the mapping jopo () ®) : V,, @ Ve — V. We
demonstrate that this is a U(D4)-module map. Bear in mind in these calculations
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that y: Ve = Vo =V, and j: V,, = V4 = V¢ for ( = (1 3) and n = (1 4). Then
for a € Uy(Dy4) we have

jepo ()@ ))lalz ©y)) = jopo (y@ﬁ(;nmm)z®<<a<2>>y)
= op(;j(n(au))x) ® j(C(G(z))y))
=sop( L nclow)i) @ nlo)iw)
=Jop(;<2n<(a<l>>j<x> @ 1Cna)ily))

Now, using the fact that n¢{n = (n¢ and that (¢ ® ¢)A = A¢ for all graph auto-
morphisms ¢ together with (3.10), we see that the last expression can be rewritten
as

7o p((¢ 20 (ACn@)) () © 1w)) )

= J(CUC (a)p(s(z) ® J(y))) (pis a Ug(Da)-homomorphism)
=a(jopo(1®))(x®y).

Thus, jopo (y®yg) : V;, @ Ve — V is a Uy(Dy)-module homomorphism. Since
the space Homy, (p,)(Vi, ® V¢, V) is one-dimensional, we may assume the product
p : V, ® Ve — V is given by the map we have just found, so that p’ = jopo (y®7).
Alternately, jop’ = po(y®y). This says that had we defined the quantum octonions
using the product p’ rather than p so that =/ y = p’(x ® y), the two algebras would
be isomorphic via the map j.

4. PROPERTIES OF QUANTUM OCTONIONS

We use Uy (D4)-module homomorphisms to deduce various properties of the quan-
tum octonions. At g = 1 these properties specialize to well-known identities satisfied
by the octonions, which can be found for example in [ZSSS]. Since the vector spaces
V, V¢, and V;,, are the same, we will denote the identity map on them simply by
“id” in what follows.

Proposition 4.1. The following diagram commutes:

(I)®id
S*(Ve) @V, B Vi
idepl lid
po()®id)
V{ ® Vv — an
so that
(4.2) > ) - (vk-y) =D (uklow)y
% %

for all 3", uk @ vy € 8*(0y), y € Q. In particular, at ¢ = 1 this reduces to the
well-known identity satisfied by the octonion algebra O:

(4.3) T-(x-y) = (z[x),y.
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Proof. Since p : Ve ® V;; — V is a Uy(D4)-module homomorphism, we have that
7(a) o p = p((¢ ©M)A(a)), which implies that 7(1(a)) o p = p((¢ ® N)A(a)) =
p((Cn ® id)A(a)). This says that p: Ve, ® V. — V) is also a Uy(D4)-module homo-

morphism. Since j: Ve — Vi is a Ug(D4)-module homomorphism, it follows that
(po(y®id))o(id®p) € Homy, (p,)(8?(Ve)®@V;,, K). As that space of homomorphisms
has dimension one, the maps in the diagram must be proportional.

To find the proportionality constant, let us consider the actions using the test
element:

®id
(z1®@z_1+ 21 Qx1) @11 (‘)—> T

and
po(y®id)o (id ®p)((x1 Qr_1+r_1Q21) ®$1)
=po (J®id)(—q%$1 ®1174) =qiay - wy =@y
Therefore, the two maps are equal as claimed. At ¢ = 1 we may substitute z®@ z €

S2%(0) and y € O into the above identity to obtain the corresponding one for the
octonions. O

Proposition 4.4. The following diagram commutes:

id@ (1)
Ve ®S2(Vn) — Ve
pRid | lid
po(id® )
vav, . Ve,
so that
(4.5) > (- uk) - g(ok) =D (urlve)y
% %

for all 3", uk, ® vy, € §2(0Qy), y € Q. In particular, at g =1 this gives the identity
(4.6) (y-z) T = (z[x),y,
which is satisfied by the octonions.

Proof. Both maps are U, (D4)-module homomorphisms and so must be multiples of
each other. We compute their images on © = 21 ® (21 @ x—1 + -1 ® 21):

(id® (D)o = (@ilo-1) + (@-ala1) )1 = a1,
po(id®y)o(p@id)a =po (id®)) (¢ Fr_s ® 1) = —¢ Fa_y- 11 = 1.

Hence we have the desired equality. O
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Proposition 4.7. The following diagram commutes:

p®id
VoV, oV — VeV
id® (jopo(id®y)) | LD
(1)
eV, — K

so that
(4.8) (@ - ylz) = (@ly(y - 1(2))) = O(@)|y - 1(2))
for all x,y, z in the quantum octonions. At q =1 this reduces to the identity
(4.9) (- ylz), = (2|2 -9),,

satisfied by the octonions.

Proof. Recall we have shown that jopo (J®7): V;, ® Ve — V is a Uy(D4)-module
homomorphism, which is equivalent to saying that

aOJOpO(J®J)=Jop0(J®J)((n®C)A(a))
for all a € U, (D). This implies
((a)ogopo(y®y) =jopo(1@((N@QA ))
=Jopo(y (77®C (=39 ())
((n( ®id)A (a))7

so that jopo()®y) : Vie ® V. — V¢ is a Uy(D4)-module homomorphism. From this
we deduce that

=jJopo(y®))

gopo(id®y) =gopo(y®@yo(y®id): V, @V — 1,

is a Uy(D4)-module homomorphism as well. Thus, the mappings in the above
diagram are scalar multiples of one another. The scalar can be discovered by
computing the values of them on z1 ® x_3 ® x_2:

_3 _9 _z
_3 —q 2q —q 2
(1 w3l _2) =q 2(22]|2_2) = P +q? JESIPECE
—q 3¢ —qE

(@1ly(w—s - s(2-2))) = (wals(a"221)) = Fte? Prqd

Hence, they agree, and we have the result. The fact that j is an isometry gives the
last equality in (4.8). |
Proposition 4.10. (z-y|z) = (3(y)[3(2) - Kgplx) for all z,y,z € Oy = (V,-), which
at ¢ =1 gives

(4.11) (z-yl2), = Iz - 2),

for the octonions.



954 GEORGIA BENKART AND JOSE M. PEREZ-IZQUIERDO

Proof. This is an immediate consequence of the calculation
1 2 _
(- yl2)=(zly(y - ()= 0y - ()| K3, 2)

_ 3 _
= (y-9(2) (K3, 2) = (()s(2) - Ky, ),
where (1) is from Proposition 4.7, (2) uses (2.22), and (3) is Proposition 4.7. O

Note that Kgpl acts on O, as an algebra automorphism because it is group-like.

Proposition 4.12. The following diagram commutes:

id®(])®id
V, @8 (Vo) @V, - Va @ Vy
(Gopo(y®@y))®pl Leh
()
VeVv — K.
When q = 1, this gives the identity

for the octonions.
Proof. First, it is helpful to observe that
Homy, p,)(V, ® S*(V¢) ® V), K) = Homy, (p,) (S*(Ve), V, ® Vi)
= Homy, (p,)(L(0), L(0)),

so these spaces have dimension 1. We evaluate the mappings on x = z_; ®
(.%'1 Rr_1+x21 X 1‘1) R x1:

e
(Ve (id® (1) ®id)(@) = (waln) = 57—,
(e (Gope @) @p)@) = Gle-1 - a1)lw-1 1)
3 g’
= - — = . I:‘
q (ZII 4|$4) q3 + q_3
Proposition 4.14. The following diagram commutes:
id®(])®id
Ve@S*(Vy) @V — Ve ® Ve
p®R(opo(y®y) | Lh
()
VeVv — K
In particular, at g = 1 this gives the following identity satisfied by the octonions:

Proof. The proof is virtually identical to that of Proposition 4.12. We check the
mapsonz=2_1® (1 ®x_1+2_1 Q1) ® x1:

(I)o (p® (yopo (J®J)))($) = (w1 mlp(r—1-21)) = (9(T-1 - 21) |01 - T1)

q3

¢ +q?
which equals (|) o (id® (]) ®id) (x). O

= —¢*(v_alwy) =
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r-algebras. The notion of an r-algebra (that is, an algebra equipped with a Yang-
Baxter operator) arises in Manin’s work [M] on noncommutative geometry. Note-
worthy examples of r-algebras are Weyl and Clifford algebras, noncommutative
tori, certain universal enveloping algebras, and quantum groups (see, for example,

Baez [B]).

Definition 4.16. Suppose A is an algebra over a field F with multiplication p :
A® A — A. Assume R € End(A%?) is a Yang-Baxter operator, i.e. RioRy3R1 2 =
Ro3Ri2Rs 3, where Ri o = R®id € End(A®3) and Re 3 = id ® R € End(A4%3).
Then A is said to be an r-algebra if

Ro (p & idA) = (idA ®p) oRi20 Ry 3,

4.17
(4.17) Ro(idgy ®p) = (p®ida) o Ra30 Ry 2.

When A has a unit element 1, the Yang-Baxter operator R is also required to
satisfy RAl®z)=z®1land R(z®1)=1®x for allz € A.

Our quantum octonions satisfy r-algebra properties similar to those in (4.17)
with respect to the R-matrix of U,(Dy).

Proposition 4.18. (a) In Homy, (Ve ® V, @ V,V @ V) we have
Rvy o(p®id) = (id®p)o RVC,V ) Rvmv.
(b) In Homy, (p,)(V @V, @V, V& V) we have
Ryy o (id®p) = (p®id) o Ry,y, o Ry,y,.

Proof. Suppose that 71 : V@V — L(2w1), m: VRV — L(ws), and 73 : VRV —
L(0) are the projections of V' ® V onto its irreducible summands. Let T, and T
denote the transformations on the left and right in (a). We compute T, and 7,
on several elements of V: ® V,, ® V' which have been chosen so that © acts as the
identity. We use the fact that n(e;) = %(61 +eatesteq), C(er) = %(61 +eates—eq),
n(e2) = 3(e1 + €2 — €3 —€4), and ((e3) = F(e1 — €2 + €3+ €4).

We begin by evaluating the action of Ty and T, on z_1 ® 1 ® x_1:

(M)

(RV,V o(p® id)) (o1 ®@x1 Q1) = —Q%RV,V($4 ®x_1) =—q2(r_1 ® 14),

((id ®p)o Rvg7v o va) (z1 ®x1 ®x_1)

= q% ((id ®p) o RVC,V)(ﬁc—l Rr_1® fCl)
= (i[d®@p)(z_1®z_1 ® 1)
= —q%(x_l ®$4).

Now (x_1]z4) = 0 implies that 2_1 ® x4 lies in L(2w1)® L(w2). The vector z_1 ® x4
is not an eigenvector of RV,V, because Rv,v(u ®x_1) = x_1 ® x4. Therefore,
T (r-1®x4) # 0 and m2(2 -1 ®@x4) # 0. Since dim Homy, (p,) (Ve @V, @V, L(2w1)) =
1 = dim Homy, (p,) (Ve ® V;; ® V, L(wa)), we see from the above calculation that
7T1Tg = 7T1TT and 7T2Tg = 7T2TT.

Consider the action of Ty and T} on 3 ® 2o @ x_1:

o

(Rvy o(p® id))(% Rro®@r_1)= Q%RV,V(I'I ®r_1)=q2(r_1 ®x1),
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((id ®p) o RV(,V ° RVW,V) (T3 @22 @7 1)

=q? ((id ®p)o RVC,V) (r3®@ 21 @ x2)
=q(id®@p)(z-1 ® 73 ® 72)
= q%(x_l ® x1).

The projection 73 comes from the form (|), and so it is nonzero when it acts
on z_1 ® x1. Consequently, applying 73 to both sides of Ty(z3 ® 22 @ x_1) =
Tr(z3 ® 9 ® x—1) and using dim Homy, (p,)(Ve ® Vi, ® V, L(0)) = 1, we obtain
w31y = w3T,. Therefore, Ty = (m + w2 + 73)Ty = (m1 + w2 + w3)T = T;.. The
calculations for part (b) are almost identical and are left as an exercise for the
reader. (]

5. PROPERTIES OF THE QUANTUM PARA-HURWITZ ALGEBRA

Recall that the quantum para-Hurwitz algebra P, = (V,*) is obtained from
identifying the underlying vector spaces of Vy, V42 and V', where V is the natural
representation of Uy(D4) and 6 is the graph automorphism 6 = (143), and using
the multiplication p* : Vg @ Vg — V, 2 @y — x xy = j(x) - 5(y). The resulting
product is displayed in Table 2.7. As we saw in the last section, the quantum
octonion algebra enjoys very nice composition properties relative to the bilinear
form (] ). It is known that the para-Hurwitz algebra P (that is the ¢ = 1 version of
P,), which is obtained from the octonions using the product x *y = T - 7, has an
associative bilinear form admitting composition. Here we establish similar results
for the bilinear form on P, = (V, %)

Proposition 5.1. For the quantum para-Hurwitz algebra Py = (V, %),

(xxylz) = (z|ly * 2) and (xxylz) = (y|z*K2_plx)

forall z,y,z € P;. At g =1 these relations reduce to well-known properties of the
para-Hurwitz algebra: (x *y|z), = (z|y x 2), and (x *xy|z), = (y|z x x),.

Proof. The proof amounts to using the fact that 5 is an isometry together with the
fact that 7 commutes with Kgpl. So we have

(@ xylz) = (9(2) - 2(y)|2)
_ {( oY) - 3(2)) = (aly * 2),
(yls(2) - K3, 9(x)) = (yla(2) - 9(K5,) ) = (ylz = Ky'e). O
Proposition 5.2. Ignoring the Uy(D4)-module structures, we have

ide(])®id
VeS2(V)eV — VeV

(Jop*o(y®y))®@p* | ()

(1)
VeV — K
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and
ide(])®id
VeS2(V)eV — VeV
P R (Jop o(y®y) | 0 L
VeV — K

Proof. These diagrams commute when p is used in place of p*. Now when p* =
po (J® j) is taken, we have

(No@oep o(g®@y))@p* =(])o ((Jop)®(p°(3®3)))

=(|)op@ (jopo(1®37))
=(|)oid® (|)®id

where (1) follows from the fact that j is an isometry. The other diagram can be
shown to commute in a similar way. O

Proposition 5.3. The following diagram commutes and shows at ¢ = 1 that the
relation (x -y) -« = (x|z),y = x - (y - ) holds for the para-Hurwitz algebra:

id ®(30p™0(3®9)) id @p*
Ve @V — S (V)@ Vy=82(V)@V=8*(Vy) @Vp2 — VoV
Lo (1)®idl Jop™0(3®7) 1
VG == 1% = V92

Proof. Again it suffices to check the maps on x = (r1 ® x_1 + -1 @ 1) ® x1, and
for it we have

(J op*o (J®J)) o (id @ p*)(x) = gop* o (1@ 1) (11 ® (—q?)xy)
= —y(z1) =21 = (|) ®id(x),
while

po(id® (jop 0 (189))@) =p (@1 ®qta_s) =21 = (|) ®id@). O

6. IDEMPOTENTS AND DERIVATIONS OF QUANTUM OCTONIONS

It is apparent from Table 3.9 that e; = q_%x4 and ey = —q%x_4 are orthogonal
idempotents in the quantum octonion algebra @y = (V,-). Their sum e = e; + ez
acts as a left and right identity element on the span of ey, ez, x;,2_;,5 = 2,3.
Moreover, the relations e - x; = ¢?z1, 1 -e = ¢ 22, e-x_1 = ¢ 2x_;, and
r_1-e = q?z_1 hold in Q,. Hence, at ¢ = 1 or —1, the element e is an identity
element. Relative to the basis e1, e2, 45,7 = 1,2, 3, the left and right multiplication
operators Le,, Re,, Le,, Re, can be simultaneously diagonalized. The operators

Le,, Re, determine a Peirce decomposition of Oy,

(6.1)
0y = ©(4,6)(0g)y,s where (OQgy)ys={v€Qy|er-v=rv, andv-e; = ov}.
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Now (@q)07q*2 = Kuq, ((O)Q)LO = Kzy + Kzg, (@q)l,l = Key, ((O)Q)070 = Key,
(0g)o1 = Kr_y + Kz_3, and (0y),~2 9 = Kz_;. The idempotent ey gives a
similar Peirce decomposition.

Suppose d is a derivation of Q4 such that d(e1) = 0 = d(e2). It is easy to see
that d must map each Peirce space (0g)~,s into itself. Thus, we may suppose that

d(z1) = biza, d(x—1) =b_j2_1,
(6.2) d(r2) = 2272 + 3273, d(w3) = ca 379 + 3373,
d(x_2) = d2 2w _o + d3ow_3, d(x_3) = da3x_2 + d332_3.

Zey (or to the relation x_1 -1 =

Applying d to the relation x1-x_1 = q_%x_4 =—q"
—q2z4 = —¢%ey) shows that b_; = —by. Now from x - 2, = 0, we deduce that
¢ =0 for j # k, and similarly from z_j - x_; = 0 it follows that d;, = 0. There
are relations x1 - x_; = g, ;- w1 = Exp, ¥o1 -5 = Ex_p, and w5 - w1 = Ex_g
(where 7 # k and ¢ in each one indicates some appropriate scalar that can be
found in Table 3.9), and applying d to those equations gives by + d; ; = cx, and

b_1 + ¢j; = dix. The second is equivalent to the first since b_; = —b;. From
Tij  Tip = Exryq we see that C22 + C33 = b1 and d2,2 + d3,3 = —b;. Finally,
applying d to z; - x_; = ey or x_; - ¢; = {ea, we obtain d; ; = —c; ; for j = 2, 3.

Every nonzero product between basis elements in the quantum octonions is one of
these types, or it is one involving the idempotents e, e, so we have determined
all the possible relations. Consequently, we can conclude that for any derivation
d such that d(e;) = 0 = d(ez), there are scalars b = by and ¢ = ¢z 5 so that the
following hold:

d(el) =0= d(82
d(l‘l) = bl‘l, d(CE_l)
d(x9) = cxa, d(z_2)

d(zg) = (b — ¢)xs, d(x_3) = —(b— c)x_s.

~

)

6.3 =~
(63) = —cr_o,

The same calculations show that any transformation defined by (6.3) with b, ¢
arbitrary scalars is a derivation of Q.

Now suppose that d is an arbitrary derivation of Qg4, and let d(ei1) = ager +
apes + 232_3)#0 ajz; and d(ea) = boer + byea + 23:_3_’#0 bjxzj. Computing
d(e1) -e1 + ey -d(er) = d(ey), we obtain

2ape1 + q 2121 + agxo 4+ azrz + ¢ 2a_ 1w 1 +a_sr o +a_zx_3 = d(er),

which shows that ag = af, = a_1 = a; = 0. A similar calculation with the relation
d(e2) = d(ez2) gives bg = b, = b_1 = by = 0. From d(e;)-ea+ey-d(e2) = 0 it follows
that by = —ae and bs = —as, and from d(es) - €1 + ea - d(e1) = 0, the relations
b_o=—a_o,b_3 = —a_3 can be determined.

Now e; - d(z1) = —d(e1) - #1 shows that the coefficients of x5 and z3 in d(z1)
are q%a_g and q%a_g respectively; while d(z1) - e = —z1 - d(e2) says that those
coefficients are —q_%b_g = q_%a_g and —q_%b_g = q_%a_g. Thus, when ¢ is
not a cube root of unity, we obtain that a_o = 0 = a_3. Likewise the relations
az = 0 = a3 can be found from analyzing d(z_1)-e; = —x_1d(e1) and e -d(z_;1) =
—d(e2) - x—1. Consequently, when ¢ is not a cube root of unity, every derivation of
0, must annihilate e; and es, and so must be as in (6.3) for suitable scalars b, c.
To summarize, we have
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Theorem 6.4. The derivation algebra of the quantum octonion algebra Oy = (V)
is two-dimensional. Every deriwation d of Qg is given by (6.3) for some scalars
b,ce K.

Simplicity of the quantum octonions. The idempotents also provide a proof
of the following.

Theorem 6.5. The quantum octonion algebra Oy = (V,-) is simple.

Proof. Let I be a nonzero ideal of Q4. Since e ] C I and Ie; C I, it follows that
=@
v,8

where I, s ={z € I | ;-2 =~z and z-e; = dx}. Assume first that z; € I for some
i = {£1,+2,+3,+4}. If we multiply x; by z_; when i = +1, +2, or £3, we see
that e; or ey belongs to I. Therefore, either e;Qy + Q4e1 C I or e20y + OQgex C 1,
and as a consequence, I = Q,. It remains to consider the possibility that some
nonzero linear combination axy + brs or ax_o + bxr_3 is in I. Multiplying by one of
the elements x2, 3, x_2, or x_3, we obtain that x; or x_; is in I, and that implies
I = O, as before. Consequently, O, is simple. O

7. QUANTUM (QUATERNIONS

The subalgebra H, of O, generated by x = x5 and y = x_5 is 4-dimensional and
has z,y, e1, e2 as a basis, where e; = q_%m and ey = —q%x_4 are the orthogonal
idempotents of Section 6. The sum e = e; + ey is the identity element of H, and
multiplication in this algebra is given by Table 7.1. It is easy to see that at ¢ =1
this algebra is isomorphic to the algebra M>(K) of 2 x 2 matrices over K via the
mapping e; — Fi 1, e2 — Fo9, x — Ej 2, y+— Es 1, which sends basis elements to
standard matrix units. Since the split quaternion algebra is isomorphic to Ms(K),
this algebra reduces to the quaternions at ¢ = 1. Another way to see this is to
observe that the bilinear form on O, when restricted to H,, satisfies (3.6) at ¢ = 1.
Thus, at ¢ = 1 we have a 4-dimensional unital algebra with a nondegenerate bilinear
form admitting composition, and so it must be the quaternions.

TABLE 7.1
€1 |€2| T Y
epr|ler | 0 x 0
es | 0 lex| O Y
T 0 |gter
y | 0| qes 0

The algebra H is neither associative nor flexible if ¢ # %1, since

(-y) =g la#q=v(y 2

1

However, it is Lie admissible. Indeed, if h = ¢~ e; — qes, then

[h,2] = (q+q¢ "z, [hyl=—(¢+q¢ ")y, and [z,y]=h
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2
Therefore, the elements =, — Y
. . L ata q+4q . :
Since e = ej + ey is the identity, we see that H, is the Lie algebra gly under the

commutator product [a,b] = ab — ba.

The subalgebra generated by x3 and x_3 is isomorphic to the algebra H,. How-
ever, that is not true if we consider the subalgebra Hj generated by z; and z_;.
Let u = x_1 and v = z1. Then multiplication in H; is given by Table 7.2.

— h determine a standard basis for sls.

TABLE 7.2
€1 €9 u
e1 e1 0 g %u
) 0 €9 0 )

u 0 T*u 0 q’er

v|qgv| 0 | g | O

There is no identity element in H’q. But at ¢ = 1, the element e; + es becomes
an identity element, and the algebra is isomorphic to M3(K). The bilinear form
at ¢ = 1 has the composition property, so the algebra H; too might rightfully
be termed a quantum quaternion algebra. The elements k' = g%e; — ¢ 2eq,u, v

determine a standard basis for sis:
[, u] = 2u, [0, v] = —2v, [u,v] = A/

Since [¢%e1 + ¢ %ea, h'] = [¢®e1 + ¢ ez, u] = [¢°e1 + ¢~ ez, v] = 0, the algebra H,

under the commutator product is isomorphic to gla. It is neither associative nor
flexible, because

((61 +v)- 61) (er+v)=er+q¢w#er+q 2= (e +v)- (61 (e1 —|—v)).
8. CONNECTIONS WITH U, (B3) AND Uy (Go)

In this section we assume that the field K has characteristic zero. We consider the
subalgebras of U, (D4) that are described as the fixed points of graph automorphisms
by

Ucn = {a € Uy(Da) [ ¢(a) = a =n(a)},
Us = {a € Uy(Da) | 6(a) = a},

where ¢ = (34) = (n¢. Then Us D U¢ ;. In the non-quantum case, the enveloping
algebras U(Ga) C U, € U(Dy) and U(Bz) € Us € U(Dy). We consider the
structure of V, V¢, V;, as modules for the subalgebras given in (8.1).

Now for any a € Us, we have that

J(azx) = j(8(a)z) = aj(z)

for all z € V| so that any a € Us commutes with 5. In particular, the eigenspaces of
g are Us-invariant. But the eigenspaces of j are 1-dimensional (spanned by z4—2_4),
and 7-dimensional (spanned by {z; | i = +1,+2,+3} U {z4 + 2_4}). Consider the
7-dimensional space under the action of U¢ ;. Since F,, Fo, +Fo, +Foy, Eay, Ea, +
Eo, + Eq, € Ugy, it is easy to check that the 7-dimensional space is an irreducible
U¢ n-module, hence an irreducible Us-module as well. The action of U¢ , on V; and
V,, is the same as its action on V. As a result we have

(8.1)
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Proposition 8.2. The modules V,V: = V_, and V,, = V. are isomorphic as mod-
ules for the subalgebra U, in (8.1). They decompose into the sum of irreducible
U¢ n-modules of dimensions 1 and 7, which are the eigenspaces of j.

For ¢ = 1, Proposition 8.2 amounts to saying that V,V¢,V; are isomorphic
U(Gz)-modules which decompose into irreducible modules of dimension 1 and 7.

The elements Fy,, Fo,, Fos + Foys Eayy Pasy Eas + Fo, belong to Us, so if we
regard V¢ or V;, as a module for Us, then we obtain a diagram

Tq
Foq

Fay+Fa, Fa,
T —— T —— T3

Foy +FX

T_y

which is gotten by superimposing the two diagrams of V; and V;,. Using that, it
is easy to argue that both these modules remain irreducible for Us. Moreover, for
any a € Us, we have

J(¢(a)z) = 5((¢d)(a)x) = 5((n¢)(a)z)
= (6*(a)z) = n(a)y(z),

where § = (143). Consequently, V: =V, as Us-modules.

At ¢ = 1 these computations show that V; and V; (the two spin modules of
U(D4)) remain irreducible for U(B3), and in fact they are the spin representation
of that algebra. To summarize, we have

Proposition 8.3. When regarded as modules for the subalgebra Us of Uy(D4), Ve &
V_ and V;, 2V, are irreducible and isomorphic.

In light of these propositions it is natural to expect that these fixed point sub-
algebras of the graph automorphisms might be the quantum groups U,(G2) and
Uqy(Bs3). However, that is not true. In fact the next “nonembedding” result shows
that there are no Hopf algebra homomorphisms of them into U, (D4) except for the
trivial ones given by the counit.

Proposition 8.4. When g is not a root of unity, then any Hopf algebra homomor-
phisms

Uq(G2) = Uq(Bs),  Ug(B3) — Ug(Da), Ug(Gz2) — Uyg(Da)
are trivial (a — e(a)l for all a).

The method we use to establish this result is due originally to Hayashi [H]. We
begin with a little background before presenting the proof.

Suppose Uy (g) is a quantum group and (X, 7), 7 : Uy(g) — End(X), is a repre-
sentation of U,(g). This determines another representation (X, 7’), 7/ = 7o S?, of
U,(g), where S is the antipode. But it is well-known [Jn, p. 56] that S? has the
following expression:

S%(a) = K;,'aKy,  for all a € Uy(g),
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where p = %Z'DOV = > aern Catr (the half-sum of the positive roots of g) and

Kap = [[aen K& (where IT is the set of simple roots of g). The two representations

(X,m) and (X, 7’) are in fact isomorphic by the following map:
0 (X,m) = (X,7), @Ky,
because
o(n(a)z) = W(Kz_pl)w(a)x = W(Kz_pla)x = 7T(S2(a)K2_pl);v
= 1(S%(a)) (K3, )z = 7' (a)p(z) for all a € Uy(g).
Examples 8.5. Let g = Dy and let X = V,V_,V, (the natural or spin represen-
tations of Uy(Dy)). Here p = 3ay +5as+3as+ 30y, so K3 = K SK K SK .S,
Relative to the basis {x1, z2,x3, T4, 24, 2_3,2_2,2_1} we have, as before,
(8.6) ¢p, = ¢p, = ¢, = diag{q % ¢ ¢7% 1,1,¢*,¢*, ¢}

Next let g = G2 and let X be the 7-dimensional irreducible U,(Gs)-representa-

tion. Here p = b 4 3ag, so Kz_pl = K YK;%. With respect to the basis (see [Jn],
Chap. 5)

(87) {x20¢1+0¢2 yLagtazs Lars L0, T—ag ) T—(ay+az)s z—(2a1+a2)}a

we have

(88) ¢, = diag{g™'% ¢7% a7, 1,¢% ¢%,¢"}.

Finally, let X be the 7-dimensional natural representation or the 8-dimensional
spin representation of U,(B3). In this case 2p = 5y + 8az + 9a3, so that Kgpl =
K PKSBK.?. If we assume as in [Jn] that a short root satisfies (o, a) = 2, then
setting (e;,¢;) = 2 for ¢ = 1,2,3, we have that the matrix of the bilinear form
relative to the basis a1 = €1 — €3, as = €3 — €3, ag = €3 of simple roots is

4 -2 0
-2 4 =2
0o -2 2

From this we can compute that (—2p,€;) = —10, —6, —2 for ¢ = 1, 2, 3, respectively.
Since we know, for any weight vector z,, that K.z, = q(“@)xu, we obtain that,
relative to the basis

(8.9) {Zeys Tegy Tegy X0y Tmcgy Tmeny Tmey by
for the natural representation,
(8.10) ¢B, = diag{g™",¢7% a7, 1,¢%,¢°, ¢'°}.
The spin representation of Uy(Bs) has a basis

{Ter, Ty, wey, Teus Togsy Tty T, Totr }

where & = (1/2)(e1 + €2 +€3), & = (1/2)(e1 + €2 — €3), & = (1/2)(e1 — €2 + €3),
and & = (1/2)(—e; + €2 + €3). The corresponding matrix of (bgg is given by

o, = diag{q™%,¢" "¢ % ¢ "0, 6%, ", ¢}

Now suppose that f : Uy(g1) — Uq(g2) is a Hopf algebra homomorphism between
two quantum groups. Consider representations (X, ) and (X, n') for U,(g2) as
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above. Then (X, 7 o f), (X,n’ o f) are representations for U,(g1). Since n’ o f =
m0S8%0 f=mo foS? it follows that ' o f = (7 o f)’. Moreover, the map

(bgz : (Xvﬂ) - (Xvﬂl)
satisfies

g, (0 f)(a)r) = '(f(a))dg, (z) = (7 0 f) () g, (¥)

for all a € Uy(g1) and ¢ € X, so it is an isomorphism of U,(g:1)-modules: ¢y, :

(X,mo f) = (X, (w0 f)).

Proof of Proposition 8.4. Suppose f : Uy(Ga) — Uy(Bs) is a Hopf algebra homo-
morphism. Consider the natural representation Y = (X, m) of Uy(Bs3), and the
corresponding representation

(8.11) ¢, (X,mo f) — (X, (w0 f))

of U,(Gg)-modules. Either these are the 7-dimensional irreducible Uy (G2)-module
or they are the sum of 7 trivial 1-dimensional modules. In the first case ¢p, is
a multiple of ¢q,, so the eigenvalues of ¢p, are {A\g™1% A\gT8 A\¢*2,\}. This is
impossible since ¢ is not a root of unity, so it must be that 7 o f is trivial.

Analogously, consider the spin representation Y+ = (X T, 77) of U,(B3). Then
as a Uq(Gz)-module, such a representation should be the sum of representations of
dimension 1 or 7. Reasoning as in (8.11), we see that if a 7-dimensional U, (G2)-
module occurs, then ¢§3 restricted to the 7-dimensional submodule should be pro-
portional to ¢g,. This would mean that

{AqilO’ Aqi8’ Aqi2,)\} C diag{qi97qi77qi37qil}

for some scalar A\, which is impossible. Thus 7T o f is trivial.

We have seen that the natural and spin representations for U,(B3) are trivial
modules for f(Uy(Gz)). Thus, f(a) —€(f(a))1 is in the annihilator of those repre-
sentations. Since any finite-dimensional irreducible U, (B3)-representation of type I
can be obtained from the tensor product of those, and since f is a Hopf homomor-
phism, it follows that f(U,(Gz2)) acts trivially on any finite-dimensional irreducible
U,(Bs)-representation of type I. However, () ann(V') = (0) for all such representa-
tions (see [Jn, Prop. 5.11]). Consequently, f(a) = e(f(a))1 for all a € U,(Ga).

The other two cases in Proposition 8.4 are similar. For a Hopf homomorphism f :
Uq(Ga) — Uqy(Dy), it boils down to the fact that any finite-dimensional irreducible
Uqy(Dy)-representation occurs in tensor products of copies of the natural or spin
representations and

{10, 08, Ag T2 A Z {gFC, ¢ g 1)

In the final case, f : U;(Bs) — U,(D4), the argument amounts to the impossibility
of

A0 20 Ag T2 N C {g*C, ¢ g2 1,
and

A AT A N C g0, ¢, %1 O
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9. QUANTUM OCTONIONS AND QUANTUM CLIFFORD ALGEBRAS

In this section we investigate the representation of the quantum Clifford algebra
Cy(8) on Oy & Q4. Our main reference for the quantum Clifford algebra is [DF],
but we need to make several adjustments to make the results of [DF] conform to
our work here. It is convenient to begin with the general setting of the quantum
group of D,, and then to specialize to Dy.

Explicit form of RV,V for Uy(D,,). The natural representation V of the quantum
group Uy (D,,) has a basis

(9.1) {z1,22, .. s Ton} = {Xeys ooy e, Ty ooy Ty Js
where E,,, Fi,, K, act asin (2.2). A stralghtforward computation shows that relative
to the basis {21, 22, ..., T2, }, the matrix of R = va is given by

2n

R= *}:&1®Ef+§:&1®&3+ —q)) Ej; @ Ey

i=1 i#7,5 J>1

(9.2) on
+q Z Eii®Eyy+(q—q") Z(—Q)p]"_p” Ei;® E; jr,
i=1 i<j

where i’ =2n+1—diand p=(p1,...,p2n) = (n—1,n—2,...,1,0,0,-1,...,2 —
n,1 —mn). The projection (, ) : V®V — K is given by

(i, 25) = 0y (—1)"H(—q)"".
If we modify the basis slightly by defining

(93) e; = (—1)n_1+p77l1'i, e;r = X
for i = 1,...,n, then we obtain the usual expression for R:

2n

R_ _1ZE11®E11+ZEJZ®EZJ+ ZE,j®Ezz

i=1 i#7,5" 3>

(9.4) .
+qY Eri®Eyw+(qg—q ")) g P E ;0 By,
i=1 i<j

and the bilinear form is given by
(ei,€5) = 01 q™".

The quantum Clifford algebra. In [DF], Ding and Frenkel define the quantum
Clifford algebra C,;(2n) as the quotient of the tensor algebra T(V) of V by the
ideal generated by {v ® w + qRy; (v ® w) — (w,v)1 | v,w € V}, where R’ is R
with ¢ and ¢~! interchanged, and R, = o o R’ o o, where o(v ® w) = w @ v.
This quantum Clifford algebra can be thought of as a unital associative algebra
generated by ¢1,..., ¥, Y7, ..., ¥, with relations

vy = =g W, YT = —quiul (0> ),
(9.5) Vit =0 =97y, Y] =—q v (i #£9),
ity + i = (g7 = 1) >l + 1

1<j
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If we make the change of notation Y; =} _,,Y,* =,,_;, ¢ =1,...,n, then the
relations in (9.5) become

VY =—q YiYe, YUY = —q¥7YT (i),
YYi=0=Y7YS, YY) =gV (i#]).
VY Y= (g0 =1) ) Vi L

>3]

(9.6)

In order to construct a representation of Cy(8) on Oy & O, we will need the
following proposition:

Proposition 9.7. Let I be the ideal of the tensor algebm T(V) genemted by
{fv@w+q 'Req(v®@w) — (w,v)1 | v,w € V}, where Ryy = 0o Roo. Then
Cq(2n) =T(V)/I.

Proof. Consider the following basis of V:

(9.8) {yi=q"e;, yi=ey|i=1,...,n}
which satisfies

(9.9) (Yi,y;) = di g, (5, i) = 6ija*
Let g: V@V — I be defined by

(9.10) gvew)=v@w+q¢ 'Ry (v®w) — (w,v)l.

From the explicit form of R on the basis {e;}, one can check that the following
hold:

9 ®y) =vi®yi+q 'y @y (i > ),
gy @yl =y @y +q yr @yl (i > ),
011) Iw®v =0+ ey gl 9y =0 +a ) o,
9y @u) =y, Quit+a 'y @yl (i #J),
(vi

©y) =y QUi +y @yl +(1—¢)D y;®y; —
i>]

9g\y

These give the relations in (9.6) in T'(V)/I. However, we also have the relations
9(y; @) = q i ®y; + q‘zyj @y (i>]),

9(yi @y)) =q 'y, @yl +q yr @y; (i > ),

9wy =a Y Qui+a Py @yl (i #j),
(yi

(9.12)
9w @y =y Qui +a Y ® Y

n
+(1- q—2)q2pi (Zyﬂ ® y; + Z q—ZPjy;_‘ ® yj) _ q2pi.
j=1 §>i
The first three identities don’t say anything new. So to establish the proposition,
it suffices to verify that the relation g(y; ® y;) = 0 holds in Cy(2n), that is,

Lemma 9.13. In Cy(2n) we have

VY +YY 4 (1—q77) 2’”(ZYY*+ZQ‘2’”Y Y)

Jj>i
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Proof. As a shorthand notation we set a; = Y;Y;*, af = Y*Y;, and b; = a; + o for
i=1,...,n. From the relations in C,(2n) we know that b; = (¢7% —1) D jei @1
so that b1 = (¢72 — 1)a; + b; or

(9.14) Qis1 + afy = q a; + al.

2

Letting ¢; = ¢~ %a; + a, we have

2 1

¢ — g’ i1 = q i+ af — aipr — ¢ajyy = (1 - ¢?)ajyy,
where (1) follows from (9.14). Therefore,
ci = (1= ¢Mai + (1= ¢*)ajn + -+ V(1 = ¢Pay + ¢ ey

9.15 - : —9p. ,

©15) = (g2 - D¢ (Y a ) + ¢ e

J>i
On the other hand,
en=q 2an+d, = (%= Da, +a, +a, = (g% —1Da, + b,

(9.16) — (g2~ Dan+ (g2 - 1)(Zaj) +1=(q"~- 1)(2%‘) + 1.

Jj<n Jj<n

The left-hand side of the identity in the statement of the lemma is

e (L= g (Y a;) + (1= g g™ (D a "))
Jj>1

Jj=1

G (1= ) + (1= g g (S g )

Jj>i
2 g2 (the right side),
where (1) is (9.16) and (2) is (9.15). |

The U,(D4) case. Let us return now to our quantum octonions. Consider the two
“intertwining operators” ®° and ®! which are the U,(D4)-module homomorphisms

8V, 0 VI Ve 0 VU
I®id

LV oV IE Vo, 0V 5V,
We scalevthese mapping§ by setting U0 = q_%fﬁo and Ul = q_%@l. Let 6, =
(id+¢~'R), where R = Ry,v, which we know maps V ® V onto S*(V).
Lemma 9.17 (Compare [DF, Prop. 3.1.2]).
Ulo (W ®id)o(id®6&,) =id® (, ),
o (U ®id)o(id®6,) =id® (,).
Proof. Tt is enough to check the values on x1 ® 1 ® x_1:
Ulo (V0 ®id) o (id ® G,)(r1 ® 11 @ 2_1)
=Vlo (VW id)(r1 @ (11 @21 +2_1 @21))
= q_%\Ill(q_%m ®x1)=q *z;.

But (1,7_1) = (¢ + ¢ 3)(x1]z_1) = ¢~3, so both maps agree on 71 ® 11 @ z_;.
The computation for the other map is left as an exercise. O
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Now for any v € V define
(9.18) Y(): VeaVy—Vcal,,
’ T()(z+y) =0y ev)+ T (zawv).

The relations in the previous lemma say that
To(U®id)o(id®&,) =ida (,),
so for any basis elements e;,e; € V and z € Ve @ V;), we have
(ej,ei)z=To (T®id)o (id® &y)(z ®e; ® e;)
=Vo(T®id)(z® (e; ®e; +q 'Rlej @e;)))

= W(e;)U(e) (@) + g1 (Roo) | Tler)U(er) (),
k2

where (R o o)ﬁ’f is the coordinate matrix of R oo in the basis {e; ® e;}. So ¥(e;)

and U(e;) satisfy

(e, e)id = U(e)W(e;) +q ' > (Roo)i s W(en)W(ex).
k,l

Notice now that
e ®ej+ q_lRQ,l(Ei Qe;j)=e€ ®e;+ g looRo o(e; @ ej)
=e;®ej+q " Z(R o cr)ﬁ’jeeg ® ex,
k.6

so the operators ¥(v) satisfy the relations of the quantum Clifford algebra. This
shows that the map

U:V —End(Ve @ V),
v W)z ty = a7 (o (0) + (@) - v),

extends to a representation ¥ : Cy(8) — End(V; @ V;)) = End(Q, & Oy).

In [DF], Ding and Frenkel show that C,(2n) is isomorphic to the classical Clifford
algebra, so C,(8) is a central simple associative algebra of dimension 2. The same
is true of End(Q, ® Q). As a result we have

(9.19)

Proposition 9.20. The map ¥ : Cy(8) — End(V; ®V;)) = End(Q,®0y) in (9.19)
is an algebra isomorphism.

It is worth noting that at ¢ = 1 the map in Proposition 9.20 reduces to
U:0— End(O®0),

(9.21) L

v UW)iz+y—v-T+T- 0,

Y()P(v):z+y—=V()(v-F+T-0) =v-(0-2) +(y-v)-v=(v]v),(z +y)

(see Props. 2.21, 4.3). This shows that ¥ extends to the standard Clifford algebra—
that is, to the quotient T(Q)/(v ® v — (v|v), 1) of the tensor algebra, in this case as
in [KPS].
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